The paper deals with constitutive modelling of contiguous rock located between rock joints. A fully explicit kinematically constrained microplane-type constitutive model for hardening and softening non-linear triaxial behaviour of isotropic porous rock is developed. The microplane framework, in which the constitutive relation is expressed in terms of stress and strain vectors rather than tensors, makes it possible to model various microstructural physical mechanisms associated with oriented internal surfaces, such as cracking, slip, friction and splitting of a particular orientation. Formulation of the constitutive relation is facilitated by the fact that it is decoupled from the tensorial invariance restrictions, which are satisfied automatically. In its basic features, the present model is similar to the recently developed microplane model M4 for concrete, but there are significant improvements and modifications. They include a realistic simulation of (1) the effects of pore collapse on the volume changes during triaxial loading and on the reduction of frictional strength, (2) recovery of frictional strength during shearing, and (3) the shearenhanced compaction in triaxial tests, manifested by a deviation from the hydrostatic stress-strain curve. The model is calibrated by optimal fitting of extensive triaxial test data for Salem limestone, and good fits are demonstrated. Although these data do not cover the entire range of behaviour, credence in broad capabilities of the model is lend by its similarity to model M4 for concrete}an artificial rock. The model is intended for large explicit finite-element programs.
INTRODUCTION
Development of material models for the analysis of deformation and failure of rock is a complex problem which has been studied for a long time. Significant advances have been achieved [1] [2] [3] [4] [5] [6] but a realistic and versatile model of broad applicability, suitable for large-scale numerical computations, is still unavailable.
Two kinds of material models may be distinguished: (a) The models for the behaviour of large rock masses, whose inelastic behaviour is totally dominated by deformations at the rock joints, and (b) the models for the behaviour of contiguous rock between the joints. For problems of geotechnical engineering, the former are usually much more important, but for some specific applications contemplated here, such as the impact and penetration of missiles through rock, or the effects of groundshock and blast, as well as anchor insertion, fragmentation and drilling, the latter are essential. This study deals exclusively with the latter.
Among the studies of contiguous rock located between the joints, two types of models may again be distinguished: (a) micromechanics of various physical mechanisms of inelastic deformation in the microstructure [2, 3] , and (b) the development of constitutive and fracture models on the macroscopic continuum level [4] [5] [6] [7] [8] . The objective of this study is to develop for isotropic porous rocks a model that is basically of the latter type but incorporates an approximate characterization of oriented physical mechanisms in the microstructure, i.e. which has an ingredient of the former type.
The porous brittle rocks are characterized by brittle-ductile transition in triaxial loading. Such rocks fail by brittle faulting at low pressures, but become ductile and gradually harden at high pressures. When deviatoric stresses accompany high pressure, an additional volume change called the shear-enhanced compaction takes place. Fracture mechanics may be regarded as the limiting case of constitutive models with strain-softening damage, but lies outside the scope of the present study.
The best existing macroscopic constitutive models formulated in terms of the stress and strain tensors and their invariants are based on irreversible thermodynamics and internal variables. Such models perform well in computations. However, they are basically phenomenological, and thus not sufficiently realistic for some demanding applications. As has been pointed out [5] , their parameters are not clearly connected to physical mechanisms, especially to those of an oriented character. The models based on continuum damage mechanics employ the crack density tensor which characterizes the global damage due to cracks of all orientations. This works well for the overall effective stiffness only as long as the stiffness is not reduced too much, but is unrealistic for predicting failure since the failure typically depends on the growth of cracks of one dominant orientation [4] or frictional-dilatant slip in a particular direction.
EVOLUTION AND BASIC FEATURES OF MICROPLANE MODEL
The evolution of the microplane modelling approach can be traced back to a pioneering idea of G.I. Taylor [9] , who proposed characterizing the constitutive behaviour of polycrystalline metals by relations between the stress and strain vectors acting on planes of various possible orientations within the material (later named the microplanes) and determining the macroscopic strain and stress tensors as a summation of all these vectors under the assumption that either the stress or the strain vector acting on each of these planes is the projection of the stress or strain tensor (this assumption is called the static or kinematic constraint of the microplanes). Batdorf and Budiansky [10] were the first to put Taylor's idea into practice. They developed a realistic model with static constraint for plasticity of polycrystalline metals based on plastic slip on the crystallographic planes, still considered among the best. Many other researchers subsequently extended or modified this approach to metals [11] [12] [13] [14] [15] [16] . Extensions of this approach for the hardening inelastic response of soils and rocks were also made [17] [18] [19] [20] .
To adapt Taylor's idea to strain-softening behaviour of concrete due to distributed cracking, Ba$ z zant [21] and Ba$ z zant and Oh [22] noted that a kinematic constraint was necessary for reasons of stability. They took into account the fracturing normal strains on the microplanes, and introduced the principle of virtual work as a means of obtaining the strain tensor from the microplane stress components. To apply a strain-softening microplane model in finite-element programs, they adopted the crack-band model [23, 24] , in which the strain softening is related to the fracture energy of the material and the effective size of the fracture process zone (however, since the post-peak slope in References [21, 22] was not adjustable, the full crack-band model could not be used and the element size had to be fixed). From that time on, further developments of Taylor's idea for plastic (non-softening) materials and for softening quasibrittle materials have proceeded along separate, rather different, lines (in detail, see the review of Brocca and Ba$ z zant [25] ).
To develop a microplane model for general non-linear triaxial behaviour of concrete, a volumetric-deviatoric split on the microplanes is inevitable. It was introduced in Reference [26] , although a thermodynamically consistent energetic treatment of this split appeared much later [27] . Formulating a purely geometric microplane damage tensor, Carol and Ba$ z zant [28] advanced a microplane formulation fitting the framework of continuum damage mechanics. Carol et al. [29] showed that the microplane model logically ensues from the general framework of continuum thermodynamics if one assumes that the free energy density is simply a sum of the partial free energy densities associated with microplanes of all spatial orientations.
Despite conceptual simplicity of the microplane model, its formulation and calibration for a broad set of experimental data is a challenging problem. Gradual progress has come in a series of progressively improved microplane models for concrete (in retrospect named M1, M2, M3 and M4 [26, 27, [30] [31] [32] [33] ; for a detailed account of the history of microplane model, see mainly References [27, [34] [35] [36] ). This progress has been brought about chiefly by approximate simulation of various distinct physical sources of oriented inelastic behaviour, such as tensile microcracking, slip, friction, lateral confinement, splitting and lateral spreading due to compression, and the collapse and closing of pores. In contrast to the classical tensorial constitutive models, the microplane model is particularly suited for this purpose, thanks to employing no tensors but stress and strain vectors on planes of various orientations. This is one important advantage, lending the model conceptual simplicity. For example, a relation between the first and second invariants of the stress tensor, as used in the Drucker-Prager yield surface [36] , is only a vague overall characterization of internal friction in a material. In reality, the frictional slip occurs on planes of a certain particular orientation, and friction is properly a relation between the shear and normal stress components on each slip plane. The microplane model can capture it easily (in this respect, though, one must admit that, in a kinematically constrained model, the stresses acting on a given plane are not the actual stresses but only their approximations).
Model M4, the latest microplane model for concrete, has been used in EPIC [37] , an explicit finite-strain hydro-code (wave-code), to analyse missile impact and penetration, blast and groundshock, in simulations involving up to several million finite elements, with the microplane model used in 40 000 elements. With the most powerful computers that exist today, the excess of computational work of microplane model over the classical tensorial constitutive models is no longer a problem. This is especially true for large implicit finite-element systems for which the computer time is dominated by the size of the stiffness matrix rather than the constitutive model. However, the difficulty of obtaining a tangential stiffness matrix precludes benefiting from efficient implicit methods.
Aside from the advantages already mentioned, another one is the automatic simulation of the so-called vertex effect, i.e. the fact that the response to a loading whose direction in the stress space is tangent to the current effective yield surface (loading 'to the side') is not elastic, as predicted by all the classical tensorial models applied in practice, but inelastic and, in fact as recently demonstrated experimentally, much softer than elastic [38] . The capability to simulate this phenomenon can be understood if one regards the microplane model as a multisurface plasticity model, in which each of the microplanes (whose number must be at least 21) corresponds to several independent yield surfaces. When the loading direction in the ninedimensional stress space changes abruptly, the currently active yield surfaces are deactivated but other yield surfaces get immediately activated, thus causing the tangential stiffness for loading to the side to become smaller than the elastic one.
A further advantage of the microplane approach is the automatic representation of crosseffects between different orientations. For example, if the tensile strength is less than the compressive strength, as is typical of concrete as well as rock, then a non-dilatant shearing on one microplane nevertheless automatically produces volume dilatancy overall, by the virtue of the fact that the kinematic constraint induces normal stresses on inclined microplanes and that the compressive stresses produced by shearing on microplanes inclined by about 458 are larger in magnitude than the tensile stresses produced on microplanes inclined by about À458: Still another advantage is that the kinematically constrained microplane model also spontaneously simulates fatigue because it leads to a gradual build-up of residual self-equilibrated stresses in the microplane system during load cycles [39] . Furthermore, despite path independence of the microplane constitutive law, a complex path dependence is automatically generated by numerous possible combinations of loading and unloading on various microplanes. The microplane constitutive law also allows easy consideration of strain-softening yield limits (as functions of strain components), which would be prohibitively complex on the tensorial level.
It is also convenient that, on the microplane level, the transition from elastic behaviour to yielding can be abrupt even if the material exhibits gradual hardening on the macroscale. The reason is that microplanes of different orientations enter yielding at different stages of the loading process.
With a view toward future generalizations to anisotropic rocks, it should be noted that with the microplane model it would be easy to model the orthotropy exhibited by some rocks. It would suffice to introduce on each microplane orientation-dependent material parameters or weight function.
In parallel with the present study, the physical basis of model M4 has been deepened (in model M5 [40] ) by relating the softening behaviour to the fracture energy of the material and to the characteristic material length representing the effective size of the fracture process zone. Introducing these fracture energy aspects into a model for rock is left for future work.
Aside from concrete, microplane models have been developed at Northwestern University for clay [41] , soils [42] , steel [34] , shape-memory alloys [43] and polymeric foams [44] . In what follows, a microplane model for isotropic porous rock will be developed, with model M4 for concrete used as the starting point. First, the basic formulation of microplane model needs to be briefly reviewed.
REVIEW OF BASIC RELATIONS OF MICROPLANE MODEL

Formulation of kinematic constraint
The kinematic constraint, which ensures stability of the material model in the case of strain softening [21] , means that the strain vector on each microplane (Figure 1 ) is the resolved component of the macroscopic strain tensor e ij : The components of the strain vector e n j on any microplane are e n j ¼ e jk n k where n k is the unit normal of the microplane (Figure 1c ) [26] . The normal strain vector and its magnitude are
where N ij ¼ n i n j ; and the repetition of Latin lowercase subscripts indicates summation over 1; 2; 3: The shear strain vector ( Figure 1c ) is
where d ij is Kronecker's unit delta tensor. Because the shear stress and strain directions generally do not coincide, the shear strain is further decomposed into two orthogonal components e M and e L in directions, m i and l i : To minimize directional bias in a simple way, the directions m i and l i on the individual microplanes are alternatively chosen to be normal to axes
l i is obtained by the vector product of m i and n i ; i.e. l i ¼ e ijk m j n k ; where e ijk is the permutation symbol (which is 1 for even permutation subscripts, À1 for odd permutation, and 0 if any two indices are the same). The shear strain components in the directions of m i and l i are e M ¼ m i ðe ij n j Þ and e L ¼ l i ðe ij n j Þ; and because of the requirement of symmetry,
where
Static equivalence
Because of the kinematic constraint, static equivalence of the continuum stress tensor s ij and the microplane stress components s N ; s L ; s M can be enforced only approximately. This is done by the virtual work theorem, written for a unit hemisphere [21] as 2p 3
The normal stress depends on not only the normal strain but also the lateral deformation. The lateral deformation of a microplane is measured by the spreading strain e S ; which is the average of the normal strains in all the directions parallel to the microplane. If e D ¼ e N À e V ¼ deviatoric strain, with e V ¼ e kk =3 ¼ volumetric strain, the volume change may be written as
which means that e S ¼ ð3e V À e N Þ=2: Because e V is a three-dimensional invariant, e V is more convenient to use than e S : The normal stress on each microplane is also split into its volumetric and deviatoric parts, s V and s D ; and then the variational equation (7), written separately for
With this volumetric-deviatoric split, it is possible to reproduce the full range of Poisson's ratio À14n40:5 of elastic deformations. The term Àd ij =3 in (10) ensures that s
The integration is conducted numerically by optimal Gaussian quadrature on a hemispherical surface [22] 
and N m is the number of all microplanes.
MICROPLANE MODELLING OF INELASTIC BEHAVIOUR
The behaviour of quasibrittle materials under uniaxial, biaxial, triaxial loading conditions exhibits several characteristic features, such as pore collapse and vertex effect, which are extremely complicated and hardly describable with a tensorial constitutive model.
The inelastic behaviours of concrete are described by the introduction of the so-called stressstrain boundaries [31, 32] . Inside the boundaries, the stresses change only by linear elasticity, i.e.
where, for brevity, Ds T and De T stand for either Ds M and De M ; or Ds L and
, and m is a parameter that can be chosen. The best choice (for which a purely geometric damage tensor exists) is m ¼ 1 [28, 31, 46] . If the stress value exceeds the associated boundary, the stress is dropped at constant strain to the value for the boundary. Despite the abrupt drop of the stress magnitude, a smooth overall behaviour is achieved by the interaction of many microplanes, and by taking small loading steps. All the boundaries, except for the compressive volumetric boundary and the shear boundary, undergo strain softening. The strain softening physically represents the fracturing process in a smeared manner. After multiplication by the crack band width (characteristic length), the area under the microplane stress-strain diagram delimited by the strain axis, by the elastic unloading path emanating from the peak, and by the softening boundary has the meaning of the fracture energy on the microplane level. Using semi-empirical considerations coupled with physical concepts, we will now set up the microplane constitutive model for rock, which will be labelled as M4R, since it represents an adaptation and refinement of model M4 for concrete [27, 33] . The inelastic behaviour is characterized by strain-dependent yield limits, called the stress-strain boundaries, which we will define in dimensionless variables. To describe the boundaries, we will need a total of 21 nonadjustable parameters, expected to be common to various rocks. The differences among individual rocks are taken into account by parameters k 1 -k 4 ; which are easily adjustable; k 1 controls scaling in radial direction in the stress-strain plane (while the vertical scaling is controlled by E; and the horizontal scaling is controlled by k 1 =E); parameter k 2 controls the frictional strength; and parameters k 3 and k 4 characterize the compressive hydrostatic stress-strain curve.
Horizontal segments of boundaries: plastic limits
The experimental data for uniaxial tension or compression of quasibrittle materials display smooth rounded peaks, which suggests the existence of a limited ductility. To capture this feature, most boundaries except the compressive volumetric boundary and the shear boundary, begin by short horizontal segments (corresponding to constant strength limits). These horizontal segments represent microplane yield limits. The length of these segments controls the roundness of response curves near the peaks and of the hysteretic loops under cyclic loading.
Normal stress-strain boundary
The normal stress component is the sum of the volumetric stress s V and the deviatoric stress s D ; both of which are limited by strain-softening boundaries [31] . Now note that when there are two simultaneous softening processes, the softening will normally localize into one of them [47] [48] [49] . This may cause e D and e V to have large values of opposite signs, producing excessively large s N : For this reason, it is convenient to impose also a separate softening tensile boundary on the total normal stress. This boundary approaches zero at infinite normal strain and its descent becomes more rapid as the confinement pressure increases. Physically, the tensile normal boundary characterizes the tensile cracking. It is given by
The Macaulay brackets, defined as hxi ¼ Maxðx; 0Þ; are used here and in the subsequent formulas as a simple way to define the horizontal segments of the boundaries. The value of s V needs to be here taken from the previous load step or the previous iteration of the current step.
Deviatoric stress-strain boundaries
The deviatoric boundaries control the axial crushing strains with lateral expansion in compression when the lateral confinement is too weak. Most quasibrittle materials expand when subjected to unconfined compression. Such expansion is normally obtained by interaction (due to kinematic constraint) with microplanes inclined by about AE458 (Figure 2 ) [50] , provided that the compression strength is higher than the tensile strength, i.e. Às
The compressive and tensile deviatoric boundaries are defined as
where they are scaled with respect to the deviatoric modulus E D rather than E: Because the deviatoric boundaries represent the failure surface under pure deviatoric deformation, it is more natural to choose E D as the scaling factor. By the same reason, the shear boundary is scaled by E T ; and the volumetric boundaries by E V :
Frictional yield surface
The shear boundary models friction, which depends on stress non-linearly. The frictional yield strength is proportional to the normal stress which is acting on the frictional plane. The friction angle, which is defined as the ratio of the frictional shear strength to the normal stress across the plane of sliding, is relatively large at low normal stresses (about 408) and becomes smaller as the compressive stress magnitude increases. When the normal stress is zero, the frictional shear strength is not zero, which means that there is finite cohesion. These features were captured in Figure 2 . Difference in magnitudes of inclined compressive and tensile stresses caused by horizontal shear at constant vertical strain (this difference causes vertical normal stress, and if this stress is not resisted, then dilatancy). M4 by means of a yield surface in the space of shear and normal stresses having the form of a hyperbola intersecting the normal stress axis at a finite value s 0 N : The cohesion depends on volumetric confinement. It will be convenient to describe first the boundaries used in M4 for concrete, which are
where s T means the shear stress components, either s L or s M : The latter expression can be adopted for rock but the former will have to be modified; E T k 1 k 2 ¼ ultimate frictional shear strength when Às N ! 1: Although no softening is explicitly given by (15), the macroscopic shear stress-strain curve does exhibit post-peak descent due to the interaction with the normal stress, whose softening behaviour is described by (16) . The higher the normal stress, the higher is the frictional strength. When the normal stress softens, the frictional strength decreases, too. An important purpose of the frictional shear boundary is to capture the brittle-ductile transition observed in triaxial tests of concrete. Aside from axial splitting, the failure of brittle materials under compression is caused by shear. The failure mechanism is sketched in Figure 2 . Because the compressive strength is higher than the tensile strength, the brittle failure is caused by softening of s þ ; when the confining pressure p is very small ðp ¼ Às V Þ: As p increases, s þ decreases and becomes negative. Because the shear strength is influenced by s N which depends on s þ through yield surface (16) , it also increases, due to the increase of pressure p: In such a condition, the deformation is mainly resisted by the shear stress, for which the shear strength is determined by (16) . This makes the failure ductile.
Model M4 successfully captures the brittle-ductile transition in triaxial tests of concrete [33] . However it is found that M4 gives excessive lateral contraction at the onset of triaxial loading (Figure 3) , which is not always unrealistic because either a contractive or an expansive deviation of lateral strain from the hydrostatic response can occur [51] .
The standard triaxial test consists of two loading stages: (1) The initial loading is by hydrostatic pressure until the desired confinement pressure is reached, and then (2) the axial compression is increased further while the confinement pressure is kept constant. In the second stage, the material undergoes the first deviatoric deformation (Figure 4) , which must initially be elastic. This initial deviatoric deformation causes the aforementioned excessive lateral contraction as long as the elastic deviatoric tangent modulus remains constant. Of course, this excessive contraction vanishes as the slope of the hydrostatic response (point 3 in Figure 4a ) increases. The abrupt slope change of the hydrostatic response also contributes to the excessive lateral contraction, which will be discussed later.
To correct this problem, one can make the inelastic deviatoric tangent modulus depend on the confining pressure. The macroscopic deviatoric tangent modulus is the superposition from all microplanes of the slopes ds D =de D and ds T =de T (along the loading path) [46] . Because the deviatoric strain is very small at the onset of triaxial loading, ds D =de D is equal to E D ; which is constant. Because ds T =de T is controlled by the hyperbolic frictional boundary (16), it appears that, if the frictional strength is small enough, ds T =de T becomes less than E T : This observation indicates the simplest way to obtain the inelastic deviatoric tangent modulus. Physically, this reduction of the frictional strength may be attributed to pore collapse.
As will be discussed later in the modelling of volumetric boundary, the aforementioned compaction, which may be called the shear-enhanced compaction, represents an additional volume change due to shearing (distortion). A physical mechanism that could explain this observed behaviour is the densification due to particle interlocking induced by shear, which is absent at hydrostatic volume compaction. The strength reduction is gradually recovered by interlocking of adjacent particles during further deformation. The maximum shear strain on each microplane is chosen to characterize this recovery.
As a result of the foregoing discussion, two new functions describing the shear resistance reduction and its recovery are proposed. (a) (b) Figure 4 . The direction of axial and lateral strain at the onset of triaxial loading after hydrostatic confinement; (a) with incremental elastic deviatoric stiffness and abrupt change of hydrostatic curve, and (b) with inelastic deviatoric stiffness and a smoothed hydrostatic curve.
in which jðs min V Þ ¼ factor of strength reduction due to pore collapse ( Figure 5(a) ) and f r ðje T j max Þ ¼ factor of strength recovery at large shear deformation ( Figure 5(b) ). Here, 3s min V =E V can be seen as an equivalent hydrostatic strain for the strength reduction due to pore collapse; je T j max and s min V are the maximum and minimum of e M or e L ; and of s V ; attained so far; they need to be stored in the process of computation. The shear boundary Equation (17) is plotted in Figure 6 (a).
Volumetric boundaries
Porous rocks as well as concretes exhibit no softening under increasing hydrostatic pressure; rather, after an initial pore collapse they progressively harden due to closure of pores. Thus, the slope of the hydrostatic stress-strain curve of porous geomaterials first dramatically decreases, just after pore collapse (point 2 in Figure 4 (a)) [33, 52] , and then gradually increases. This hardening may be described by an exponential-type boundary in M4 [27] :
where the strength and the slope are controlled, respectively, by k 3 and k 4 : While the macroscopic response corresponding to the deviatoric boundaries or the shear boundary is smooth, due to the interaction between many microplanes, the volumetric response is not smooth, according to the boundary definition, because the volumetric stress changes everywhere simultaneously, being common for all the microplanes. The sudden change in the slope of hydrostatic response is partly responsible for the aforementioned excessive lateral contraction in triaxial tests.
Smoothing the volumetric boundary is helpful for reducing the lateral contraction by increasing the slope of the hydrostatic response after pore collapse (Figure 4(b) ). It is also physically realistic because not all the pores collapse at the same strain. For this reason, we introduce a smooth signal function f i ( Figure 5(c) ), which approaches 1 as e V ! À1 and 0 as e V ! þ1;
where c 18 is a parameter which describes the centre of the pore collapse transition. Note that (19) uses the same transition centre because it corresponds to the same transition in spite of a different effect. Under shear strain, rocks, as well as most other geomaterials, exhibit volume changes, either dilatation or compaction [8] . Roughly speaking, porous and soft rocks show shear-enhanced compaction under such a deformation while dense and hard rocks show shear-enhanced dilatation. The shear-enhanced compaction is depicted in Figure 7 . Segment AB in the figure represents the deformation under a purely hydrostatic stress increment Ds V : Now consider the material at point B to be subjected to a deviatoric stress increment. Because of the shearenhanced compaction, the response moves from points B to C without any change in the hydrostatic stress. As a result, the deviatoric deformation pulls down the volumetric boundary. Now the question is which variable should be chosen as the measure of the deviatoric distortion. The shear-enhanced compaction is a volume change which is the same on all the microplanes, and so it is not illogical to assume it being governed by a tensorial invariant of strain, for which a natural simple choice is the second deviatoric invariant or the effective deviatoric strain % e e ¼ ffiffiffiffi ffi J e 2 p (which can be regarded as the average of shear strains in all microplanes). It is observed experimentally that the effect gets small at high volumetric strains. Similar to the frictional shear boundary, only the portion of e V due to pore collapse should be affected. So we choose ( Figure 5 Based on the foregoing considerations, the final expression for the compressive volumetric boundary for model M4R is
which is plotted in Figure 6 (b).
Note that the expedient use of tensorial invariant % e e in this equation represents a deviation from the pure microplane modelling concept, in which the microplane stress depends only on the strain components on the same microplane. However, the basic hypothesis of the kinematic constraint is not violated because % e e is an invariant of the same strain tensor as that producing the microplane strains (using a deviatoric stress invariant would be a different matter).
The uniaxial tension introduces significant shear stresses on the microplanes inclined by about AE458 with respect to the tension direction, and the corresponding microplane shear stress can produce excessively large volume expansion when the shear stresses soften near zero. For this reason, and in view of the experience with model M4 for concrete, it is desirable to introduce a tensile volumetric boundary limiting this expansion:
Unloading and reloading
To model unloading, reloading and cyclic loading with hysteresis, we should describe the effect of material damage on the incremental elastic stiffness. The unloading and the reloading may be defined for each microplane strain component separately, which means that some of e V ; e D ; and e T may be unloading while at the same time others are loading or reloading. Because work is being recovered from the material during unloading, the unloading occurs in a strain component when the sign of incremental work of the corresponding stress component becomes negative, i.e. sDe50: This criterion is considered separately for each microplane, and separately for each microplane strain component. For reloading as well as virgin loading, the incremental moduli are constant and equal to their initial values, E V ; E D and E T ; except for compressive volumetric loading. Experiments show that the modulus in such loading conditions never returns to its virgin value E V but keeps the slope of the hydrostatic boundary for the point at which the slope became higher than the initial slope [27] .
The same unloading and reloading rules as used in M4 are adopted here:
for e V 40 and s V 40 Triaxial Test by Green (1993) Axial strain Lateral strain Axial strain Green's triaxial test data).
For more detail regarding other sign combinations of e V and s V ; see Reference [27] .
EXPLICIT NUMERICAL ALGORITHM TO DELIVER STRESSES FOR GIVEN STRAINS
In finite-element codes, the global force vector is assembled from the nodal forces obtained by integration of stresses over each element. An explicit constitutive model is needed to calculate the stresses from strains for each integration point of each finite element. The explicit algorithm, similar to that in M4, is as follows:
1. Compute the kinematical transformation matrices N ij ; L ij and M ij by which a strain tensor is projected onto each microplane (these matrices are computed only once; the same matrices are used in all strain transformations). 2. At each integration point of each finite element, in each loading step, transform the strain tensor to its vector projections e N ; e L and e M on each microplane using N ij ; L ij and M ij : Check whether each deformation is loading or unloading by means of the unloading criterion sDe50; and then compute the associated moduli. Also, obtain the elastic stress increments from (12 6. Save the strain and stress history for every microplane. 7. Construct the stress tensor for the end of load step from the static equivalence relation, Equation (11) (valid even in the case of volumetric-deviatoric split).
Note that, although the deviatoric stress does not interact with the volumetric stress on the microplane explicitly, it does interact indirectly because the volumetric stress is recalculated in step 4 of the foregoing algorithm.
DETERMINATION OF MODEL PARAMETERS
The material parameters of the proposed model are determined by optimum fitting of an extensive set of data from the tests of Salem limestone, sometimes called Indiana or Bedford limestone, conducted at WES [53] . The porosity of this rock is 15.3-16.4% [53] . The mechanical behaviour of a rock strongly depends on its porosity [52, 54] . Experiments show that rocks with porosities ranging from 14-35% behave similarly to concrete, whose porosity is in the same range. The optimized parameters are listed in Table I (the parameters c 1 ; . . . ; c 25 are all dimensionless, which does not preclude their approximate applicability to other limestones, although calibration tests may be needed). The strength and other basic characteristics of the rock are controlled by four adjustable parameters: k 1 (which governs radial scaling of the stressstrain curves), k 2 (ultimate frictional strength), k 3 (the magnitude of hydrostatic boundary), and 4 (the slope of the hydrostatic boundary). In addition, the elastic modulus E controls the vertical scaling of the stress-strain curves (and k 1 and E can jointly control the horizontal scaling). It is next to impossible to identify all the parameters by simultaneous optimization at the same time. A successive identification is inevitable [33] . First the elastic modulus E and the Poisson ratio n are easily determined from the initial segments of the axial stress-strain curve and the lateral expansion of uniaxial compression test. From the hydrostatic compression curve, one can then identify the values of products k 1 k 3 ; k 1 k 4 ; and of c 15 Using triaxial test data, one can further figure out the parameters associated with the shear boundary. Parameter c 10 and product k 1 c 11 are determined from the internal friction angle and the cohesion at zero normal stress. The cohesion reduction factor given by the ratio c 12 =k 1 could be determined from combined shear and tension test data but the same value as identified for concrete in model M4 is used because such data are not available. The value of product k 1 k 2 can be ascertained from the change of the friction angle at high pressures. Based on the lateral deformation in triaxial tests, one can obtain parameters c 18 ; c 22 and c 23 which characterize the shear strength reduction caused by pore collapse. Based on the gradual strength gain at high pressures, one can find the value of ratio c 26 =k 1 :
Note that k 1 is an extra parameter that cannot be uniquely determined from test data. It is nevertheless convenient to use k 1 for simultaneous scaling of all the c-parameters. Therefore, the c-parameters need to be determined only after k 1 has been chosen.
The remaining parameters, which characterize the normal boundary and the tensile volumetric boundary, are associated with tensile behaviour. Because tensile data are not available, the values previously identified for model M4 are retained.
CALIBRATION AND COMPARISON WITH TEST DATA
The fits of test data shown in Figures 9-11 are all obtained with one and the same set of material parameters, listed in Table I . The strength in uniaxial compression is matched closely (Figure 8 ). The post-peak response cannot be compared because it was not measured in these experiments. However, the simulations agree with the typical post-peak response, especially the volumetric expansion, generally expected for quasibrittle geomaterials. The volumetric contraction before the peak is matched well. At large post-peak compressive strains, the axial stress should get reduced to zero, and that is what the model furnishes. Figure 9 depicts the fits of triaxial test data at confinement pressures 10, 20, 50, 100, 200 and 400 MPa: The rock is seen to become rather ductile under confining pressures higher than 50 MPa: This brittle-ductile transition is reproduced properly. The sudden drop of the macroscopic deviatoric stiffness, the gradual recovery without excessive lateral contraction, and the gradual strength gain at very high pressures, exhibited by experiments, are well captured by the model. The fitting is carried out through the full strain range, up to strain 12%. Good test data simulation is thus demonstrated. The measured hydrostatic response is fitted in Figure 10 , and so are the volume changes in triaxial tests. Because of the dilatation due to the distortion (shearing), the response stress-strain curve deviates from the hydrostatic curve as soon as the stress difference becomes non-zero. Figure 11 presents the fitting of the uniaxial strain tests, i.e. confined compression tests at zero lateral strain. Difficulties with data fitting arose in this case. In the test, first, the specimen is loaded axially while the lateral strain is kept zero (at the gauge by which it is measured). Then it is unloaded laterally while the vertical strain is kept constant. This means that the lateral strain is zero only at the gauge while the average lateral strain over the specimen length need not be exactly zero. This fact may explain why the fits are not too good. However, they are not poor either, except for the volumetric stress as a function of the stress difference.
LOCALIZATION LIMITERS
In view of strain softening, applications in finite-element programs must give proper attention to localization of damage and avoidance of spurious mesh sensitivity. After two decades of research, these aspects are now relatively well understood [59] and need not be discussed here in detail.
In problems of impact, which have been the main motivation of this study, spurious localization is temporarily prevented (and often delayed beyond the duration of interest) by two measures: (1) viscous damping, which is always present in the explicit finite-element model, and (2) inertia effects, which prevent localization during the extremely short duration of an impact event.
In problems of longer duration, there are several possible localization limiters [35, 36] to be used with the present model: (1) the simple crack band model, in which the element size is restricted to be roughly the same as the size of the test specimens by which the model has been calibrated, which is about 50 mm in the present case; or (2) the general crack band model, in which the element size may be changed if a certain particular adjustment of the post-peak softening is made, either (a) on the microplane level, as implemented in model M5 [40] developed in parallel, or (b) on the element level, by introducing localization element consisting of softening and unloading overlays [55, 56] . Another, more general, localization limiter is the integral-type non-local approach. A method to combine non-locality with the microplane model has been suggested in References [31, 32, 57] and developed, with numerical demonstrations, in Reference [58] . Gradient-type localization limiters could of course be introduced as well.
CONCLUSION
The paper deals with contiguous rock located between rock joints. Based on microplane model M4 for concrete adopted as the point of departure, a kinematically constrained microplane constitutive model for hardening and softening non-linear triaxial behaviour of isotropic porous rock has been developed and calibrated by extensive test data for limestone. Except for a small iterative adjustment of pressure sensitivity of some microplane coefficients, the model yields the stress tensor from the given strain tensor explicitly, which is suitable for explicit finite-element programs.
Thanks to the microplane framework, in which the constitutive relation is expressed in terms of stress and strain vectors rather than tensors, the new model has some important advantages over the classical constitutive models for rock expressed in terms of the stress and strain tensors and their invariants. They include:
(1) conceptual simplicity; (2) decoupling of the constitutive modelling from the tensorial invariance restrictions, which are satisfied automatically; (3) direct simulation of oriented physical mechanisms associated with internal surfaces, such as tensile cracking of a particular orientation, slip and friction, dilatancy due to slip in a particular direction, and lateral expansion due to compression splitting of a particular direction; (4) automatic representation of the vertex effect, made possible by the existence of numerous simultaneous yield surfaces in the microplane system; (5) automatic simulation of cross effects such as dilatancy due to shear, made possible by the kinematic constraint; (6) complex path-dependence generated by numerous possible combinations of loading and unloading on various microplanes; (7) simulation of the accumulation of residual stresses in the microstructure due to fatigue loading; (8) automatic representation of progressive hardening, due to the fact that different microplanes enter yielding at different times; (9) ease of possible generalization to orthotropy; and (10) easy implementation of strain-softening yield limits (which would be forbiddingly complex on the tensorial level).
Compared to model M4, the following innovations and modifications are made: (1) The effect of pore collapse is modelled more realistically. (2) Excessive lateral contraction in triaxial tests is eliminated, by virtue of simulating the reduction of frictional strength caused by pore collapse. (3) The recovery of frictional strength in shear deformation is captured, which allows representation of the gradual hardening of the material at increasing confining pressures.
(4) The shear-enhanced compaction in triaxial tests, which is manifested by a deviation from the hydrostatic stress strain curve, is modelled, which is achieved by a dependence of the volumetric boundary on the strain intensity, ffiffiffiffi ffi J e 2 p :
